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Abstract

The aim of this paper is to introduce a new class of functions
called (1,2)*-dgp continuous functions. We obtain several

characterization and some theirproperties. Also we investigate
its relationship with other types of functions in bitopological

spaces. Further we introduce and study a new class of
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1. Introduction
In 1963, Kelley [3] initiated the study of bitopological spaces. A nonempty set X equipped with

two topological spaces t; and 1, is called a bitopological spaces and is denoted by (X,z,,7,). M.
Lellis Thivagar and O.Ravi [6] introduced a new type of generalized sets called (1,2)*-semi
generalized closed sets and a new class of generalized functions called (1,2)* - semi generalized
continuous maps in 2006. S.S. Benchalli and J.B.Toranagatti [1] introduced delta generalized pre-
closed sets in topological space. The purpose of this present paper is to define a new class of
generalized continuous function called (1,2)*- 5gp continuous and investigate their relationships
to other generalized continuous functions. We further study a new class of functions namely
(1,2)*- &gp irresolute.
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2. Preliminaries

Throughout this paper (X,7,,7,) (or briefly X) represent bitopological spaces on which no
separation axioms are assumed unless otherwise mentioned.

Definition 2.1. [8] A subset B of a bitopological space (X,z,,z,) is called 7,7, —open if
B=U,uU, where U, er, andU, er,. The complement of 7,7, —open is called 7,7, —
closed.

Remark 2.2. [8] 7,7, —open subset of X need not necessarily from a topology.

Definition 2.3. [8] A subset A of a bitopological space (X,z,,7,) is called

(i) The 7,7, —closure of A, denoted by 7,7,-Cl(A) is defined by 7,7, —closure
(A =n{F/ AcF andFis 7,7, —closed}.

(i) The 7,7, —interior of A, denoted by 7,7, -int(A) is defined by 7,7, —interior
(A)=u{F/AcF andFis 7,7, —open}.

Definition 2.4. A subset A of a bitopological space (X,7,,7,) is called

(i) (1,2) -pre-open [8] if Acrr,-int(r,r,-cl(A) and (1,2) -pre-closed if
7,7, -Cl(z,z, -INt(A)) c A.

(i) (1,2)" -bopen [4] if Ac(r,1, -cl(z,z, -int(A)) U (7,7, -int(r,z, -cl(A))) and
(1,2)*-b closed if (7,7, -Cl(z,z, -int(A)) N (7,7, -int(z,z, -cl(A))c A

(i) (1,2)*- regular-open [12] ifA=1z,7, -int(z,;z, -cl(A)) and (1,2)*- regular closed if
A=17, -Cl(r,7, - Int(A)).

The (1,2)*-pre-closure of a subset A of X, denoted by (1,2)*-pcl(A) is the intersection of all
(1,2)*- pre-closed sets containing A. The (1,2)* - pre-interior of a subset A of X, denoted by
(1,2)*-pint(A) is the union of (1,2)* - pre-open sets contained in A.

Definition 2.5. [9] The (1,2)*- & interior of a subset A of X is the union of all (1,2)*- regular
open set of X contained in A and is denoted by (1,2)*-Jint(A). The subset A is called
(1,2)*-S5openif A=(1,2)*-5int(A), ie.asetis (1,2)*-5 open if it is the union of (1, 2)* -
regular open sets. The complement of a (1,2)*-6 open is called (1,2)*-6 closed.
Alternatively, a set Ac (X,7,,7,) is called (1,2)*-0 closed if A=(1,2)*-5cl(A), where
(1,2)*-xl(A) ={x e X: 7,7, -int(z;7, -cl(A)NA=¢,U e 7,7, and x € U}.

Definition 2.6. A subset A of a bitopological space (X, z,,7,) is called

(i) (1,2)*- generalized closed set (briefly (1,2)*-g closed) [11] if 7,7, -cl(A)c U
whenever Ac U and U is 7,7, —openin X.

(i) (1,2)*- generalized b-closed set (briefly (1,2)*-gb closed) [13] if 7,7, - bcl(A)c U
whenever Ac U and U is 7,7, —openin X.

(iii) (1,2)*- generalized pre-closed set (briefly (1,2)*-gp closed) [14] if 7,7, - pcl(A) < U
whenever Ac U and U is 7,7, —openin X.

(iv) (1,2)*- generalized pre regular closed set (briefly (1,2)*-gpr closed) [10] if
7,7, -pcl(A)c U whenever Ac U and Uis (1,2)*- regular open in X..
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(v) (1,2)*-0 generalized closed set (briefly (1,2)*-dgclosed) [9] if 7,7, -&l(A)c U
whenever Ac U and U is (1,2)*- openin X.

(vi) (1,2)*- delta generalized pre-closed (briefly, (1,2)*-dgp closed) [9] if
7,7, -pcl(A)c U whenever Ac U and Uiis (1,2)*-6 openin X.

The complement of the above mentioned closed sets are their respective open sets.

Definition 2.7. Recall that function f: (X, 7,7, ) = (Y, 0,, 0,) is called

(i) (1,2)*- continuous [7] if (V) is (1,2)*- closed in (X,z,,7,) for every closed V of
(Y, 01,0,).

(i) (1,2)*- generalized continuous (briefly (1,2)*-g continuous) [6] if (V) is (1,2)*-g
closed in (X, z,,7,) foreveryclosedV of (Y, o,,0,).

(iii) (1,2)*- generalized b continuous (briefly (1,2)*-gb continuous) [13] if f*(V) is
(1,2)*-gclosed in (X,z,,7,) foreveryclosedV of (Y,o,,0,).

(iii) (1,2)*-b continuous (briefly (1,2)*- b continuous) [2] if f*(V) is (1,2)*-bclosed in
(X,z,,7,) foreveryclosed V of (Y, 0,,0,).

(iv) (1,2)*- generalized pre continuous (briefly (1,2)*-gp continuous) [5] if (V) is
(1,2)*-gpclosed in (X,z,,7,) foreveryclosedV of (Y, o,,0,).

(v) (1,2)*- generalized pre regular continuous (briefly (1, 2)* - gpr continuous) [11] if f™(V)is
(1, 2)* - gpr closed in (X, z,, 7,) for every closed V of (Y, o,,0,).

3. (1,2)*- &gp Continuous function

We introduce the following definitions.

Definition 3.1. A function f:(X,7,,7,) — (Y, o,,0,)is said to be (1,2)*-gp continuous, if
f1(V) is (1,2)*- &gp closed set in X for every o,0, — closed set Vin'Y .

Example 3.2, Let X=Y={ab,c}, 7, ={¢,{a}, X}, 7, ={¢,{b},{a b}, X},
o, ={¢,{b}, Y} and o, ={¢,{a}, Y}. Letamap f:(X,7,,7,) > (Y, 0,,0,) be defined
by f(a)=b,f(b)=a,f(c)=c. Thenfis (1,2)*-gp continuous.

Theorem 3.3. Every (1,2)* - continuous map is (1,2)* - &gp continuous.

Proof. Let f:(X, 7;,7,) = (Y, 0y, 0,)be (1,2)*-continuous. Let V be o,0,- closed set in Y.
Since f is (1,2)*-continuous, f*(V)is 7,7, —closed. But every 7,7, —closed set is
(1,2)*-5gpclosed. Therefore f*(V) is (1,2)*-0gp closed. Hence f is (1,2)*-gp

continuous.
Remark 3.4. The converse of the above theorem is not true in general as shown in the following
example.

Example 35. Let X=Y={ab,c}, r, ={s.{a}, X}, 7, ={ ¢,{b},{a c}, X},
o, ={¢.{a}, Y} and o, ={¢,{a},{a.c},Y}. Let a map f:(X,7,,7,) > (Y,0,,0,) be
defined by f(a)=c,f(b)=a,f(c)=Db. Clearly f is (1,2)*-dgp continuous but not (1,2)*-
continuous because f*({b}) ={c} is not r,7, closed.
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Theorem 3.6. Every (1,2)* - pre continuous map is (1, 2)* - &gp continuous.

Proof. Let f:(X,7,,7,) = (Y, 0., 0,)be (1,2)*-pre continuous. Let V be o,0, —closed set
in'Y. Since fis (1, 2)*-pre continuous, (V) is (1, 2)* -pre closed. But every (1,2)* - pre closed
set is (1,2)*-ogp closed. Therefore f*(V)is (1,2)*-dgpclosed. Hence f is (1,2)*-dgp
continuous.

Remark 3.7. The converse of the above theorem is not true in general as shown in the following
example.

Example 3.8. Let X=Y ={a,b,c,d}, 7, ={¢,{a},{a, b,c}, X}, 7, ={4,{b},{a b}, X},

o, ={¢,{a,d},{a,c,d}, Y} and o, ={¢,{b},{b,c,d}, Y}. Let a map
f:(X,7,,7,) > (Y, 0,,0,)be defined by f(a)=d,f(b)=c,f(c)=a and f(d)=Db. Clearly f
is (1,2)*-p continuous but not (1,2)*-pre continuous because f™({b,c})={b,d} is not
(1,2)* - pre closed.

Theorem 3.9. Every (1,2)*-gp continuous map is (1,2)*- &gp continuous.

Proof. Let f: (X, z,,7,) — (Y, 0y,0,)be (1,2)*-gp continuous. Let V be o,0, —closed set in
Y . Since fis (1,2)*-gp continuous, f*(V) is (1,2)*-gp closed. But every (1,2)*-gp closed
set is (1,2)*-30p closed. Therefore (V) is (1,2)*-&gp closed. Hence f is (1,2)*-30p
continuous.

Remark 3.10. The converse of the above theorem is not true in general as shown in the following
example.

Example 3.11. Let X=Y={ab,c}, 7, ={g4,{b},{a b}, X}, 7, ={s.{a},{a c}, X},
o, ={¢,{b,c}, Y} and o, ={¢,{a},{a,c},Y}. Letamap f:(X,7,,7,) => (Y, 0,,0,)

be defined by f(@Q)=b,f(b)=c,f(c)=a. Clearly fis (1,2)*-dgpcontinuous but not
(1,2)*-gp continuous because f*({b}) ={a} is not (1,2)*-gp closed.

Theorem 3.12. Every (1,2)*-&p continuous is (1,2)*-gpr continuous.

Proof. Let f:(X,z,,7,) > (Y, 0y,0,)be (1,2)*-50p continuous. Let V beo,o, —closed set
inY . Since fis (1,2)*-yp continuous, (V) is (1,2)*-gp closed. But every (1,2)*-&gp
closed set is (1,2)*-gprclosed. Therefore f*(V) is (1,2)*-gprclosed. Hence f is

(1,2)*-gpr continuous.

Remark 3.13. The converse of the above theorem is not true in general as shown in the following
example.

Example3.14.Let X =Y ={a, b, c}, 7, ={¢,{b},{a c}, X},

7, ={¢.{a}.{b}. {a, b}. {b.c}, X}, o, ={¢.{a}, Y} and o, ={¢.{a b}, Y}. Let a map
f:(X,7,,7,) > (Y,0,,0,) be defined by f(a)=b,f(b)=c,f(c)=a. Clearly f is
(1,2)*-gpr continuous but not (1,2)*-&yp continuous because f™*({b,c})={a b} is not
(1,2)*- &gp closed.
Remark 3.15. The following example shows that (1,2)*-gp continuous function is independent
of (1,2)*-b continuous function and (1,2)*-gb continuous function.
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Example 3.16. Let X=Y ={a, b,c,d}, 7, ={¢,{b},{a, b}, X}, 7, ={¢.{a},{a,b,c}, X},
o, ={¢,{b,c},{a,bc} Y} and o, ={¢.{c}.{a, c,d}, Y} Let a map
f:(X,7,,7,) > (Y,0,,0,)be defined by f(a)=c,f(b)=a,f(c)=d,f(d)=b. Clearly f is
(1,2)*-agp continuous but not (1,2)*-gb continuous and also it is not (1,2)*- b continuous
because f*({a, b, d}) ={a, b, c} is not(1,2)*-gb closed and also it is not (1,2)* - b closed.
Example3.17. Let X=Y={ab,c}, 7,={a.{a}, X}, 7, ={0.{c}.{a c} X},
o, ={¢,{b},{b,c},Y}and o, ={¢,{a, b}, Y}. Letamap f:(X,7,,7,) > (Y, 0y,0),)
be defined by f(a)=c,f(b)=a,f(c)=Db. Clearly fis (1,2)*-gband (1,2)*-b continuous but
not (1,2)*- &gp continuous because f*({c})={a} isnot (1,2)*-Syp closed.
Remark 318. If f:(X,z,7,)—>(Y,0,,0,) is (1,2)*-pcontinuous  and
9:(Y,0,,0,)—>(Zn,n,)is (1, 2)* - dgp continuous, then gof: (X, 7, 7,)—>(Z, 1, 1,)
need not be (1,2)* - &gp continuous. The following example supports our claim.
Example 3.19. Let X=Y=Z={ab,c}, 7,={g4,{a},. X}, 7,={s{c}{a c} X},
o, ={$ 4@ Y}, 0,={{}. Y}, n.={s{a}Dand 5, ={p{P}{ac}Z}. Lo
f:(X,z,7,)—>(Y,0,,0,)and g:(Y, 0,,0,) >(Z,n,,1n,) be the identity maps. Then fand g
are (1,2)*-dgp continuous functions, but gof is not (1,2)*-5Qgp continuous because
(goH)*{acH=F"(g"({acy=Ff"({ac}) ={a c}isnot (1,2)*-gp closed.
Proposition 3.20. A map f:(X,7,,7,) = (Y, 0,,0,)is (1,2)*-a9p continuous if and only if
f*(U) is (1,2)*-5gp open in X for every o,0, - opensetUinY .
Proof. Letf:(X,7,,7,) = (Y, 0,,0,) be (1,2)*-&p continuous and c1c2 -open set U in Y.
Then U° is o, 0, -closed in Y and since f is (1,2)*- &gp continuous, f™*(U°) is (1,2)*-&p
closed in X . But f *(U®) =[f *(U)]® and so f *(U)is (1,2)*-gp open in X.
Conversely, assume that f™*(U)is is (1,2)*-dyp open in X for every 0.0, -openset UinY. Let
F be a 0,0, -closed set in Y. Then F° is o,0,-open in Y and by assumption f*(F°) is
(1,2)*-&gp open in X . Sincef *(F*) =[f *(F)T°, f*(F) is (1,2)*-gp closed in X and so f is
(1,2)*- agp continuous.
Definition 3.21. A function f:(X,7,,7,) —> (Y, 0,,0,)is called (1,2)*-5gp irresolute if
f*(V)is (1,2)*-agpclosed in (X,z,,7,) foreach (1,2)*-3gp closed setV in (Y, o,,0,).
Example 3.22. Let X=Y={ab,c}, 7 ={4{a}, X}, 7,={s{b}{ac} X},
o, ={¢,{a},{a,c}, Y} and o, ={¢,{c}, Y}. Let a mapf:(X,z,,7,)—>(Y,0,,0,) be
defined by f(a)=c, f(b)=a,f(c)=b. Hence fis (1,2)*- &p irresolute.
Theorem 3.23. If a map f:(X,z,,7,) > (Y, 0y,0,)called (1,2)*-dgpirresolute then it is
(1,2)™* - &gp continuous.
Proof. Let f: (X, 7,,7,) = (Y, 0,,0,)be (1,2)*-dgp irresolute. Let V be o, o, -closed set in
(Y, 0,,0,). Since every o,0, -closed set is (1,2)*-ogp closed, V is (1,2)*-ogp closed in Y.
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Since f is (1,2)*-dgpirresolute, f*(V)is (1,2)*-yp closed in X. Hence f is (1,2)*-5p
continuous.

Remark 3.24. The converse of the above theorem is not true in general as shown in the following
example.

Example 3.25. Let X=Y ={a,b,c}, 7, ={s.{a}, X}, 7, ={a.{c}, X}, o, ={4,{c}, Y}
and o, ={¢,{a},{a,c}, Y}. Letamap f:(X,z,,7,) = (Y, 0,,0,) be the identity map. Then
fis (1,2)*- &gp continuous but it is not (1,2)* - 5gp irresolute because f*({a, c}) ={a, c} is not
(1,2)*-ogp closed in X .

Theorem 3.26. Let f:(X,7,7,)—>(Y,0,,0,)and g:(Y,0,,0,)—>(Z,n,n,)be two
functions. Then

(i) gof:(X,7,,7,) > (Z,0,,0,) is (1,2)*-gp continuous, if g is (1,2)* - continuous and f
is (1,2)*- &gp continuous.

(i) gof:(X,7,,7,) > (Z,0,,0,)is (1,2)*-dp irresolute, if gis (1,2)*-dgp irresolute and f
is (1,2)*- ogp irresolute.

(i) gof:(X,7y,7,)>(Z,0,,0,)is (1,2)*-30p continuous, if gis (1,2)*-ogp continuous
and fis (1,2)*- &gp irresolute.

Proof. (i) Let A be any 7,77, closed set in (Z,77,,77,). Since gis (1, 2)* -continuous, g™ (A)is
closed in (Y,0,,0,). Also f is (1,2)*-3gpcontinuous, f*(g™*(A))=(gof)*(A)is
(1,2)*-dgpclosed in (X, 7,,7,). Hence gof is (1,2)*-5gp continuous function.

(ii) Let A be any 7,n,closed set in (Z,7,,77,). Then A'is (1,2)*-0g9p closed in (Z,7,,17,).
Since gis (1, 2)* -irresolute, g™ (A) is (1,2)*-agp closedin (Y, 0., 5,). Also fis (1,2)*- &gp
irresolute, (g™ (A)=(goH*(A)is (1,2)*-gpclosed in (X,7,,7,). Hence gofis
(1,2)*- agp irresolute function.

(iii) Let A be any 7,77,closed set in (Z,7,,77,). Since gis (1, 2)* -continuous, g~ (A) is
(1,2)*-&gpclosed in (Y, 0,,0,). Also fis (1,2)*-8pirresolute, (g™ (A)=(gof)*(A)
is (1,2)*-agp closed in (X,7,,7,).Hence gof is (1,2)*-4gp irresolute function.

4. Conclusion

In this paper we define a new class of generalized continuous function called (1,2)* - &gp
continuous and investigate their relationships to other generalized continuous functions. We further
study a new class of functions namely (1,2)*-dgpirresolute. Also discussed some of their
properties.
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